Abstract. We study Quillen model categories equipped with a monoidal skew closed structure that descends to a genuine monoidal closed structure on the homotopy category. Our examples are 2-categorical and include permutative categories and bicategories. Using the skew framework, we adapt Eilenberg and Kelly's theorem relating monoidal and closed structure to the homotopical setting. This is applied to the construction of monoidal bicategories arising from the pseudo-commutative 2-monads of Hyland and Power.
Introduction
The notion of a monoidal closed category captures the behaviour of the tensor product and internal hom on classical categories such as those of sets and vector spaces. Some of the basic facts about monoidal closed categories have an intuitive meaning. For instance, the isomorphism Recently some new variants have come to light. Firstly, the skew monoidal categories of Szlachányi [36] in which the structure maps such as (A ⊗ B) ⊗ C → A⊗(B⊗C) have a specified orientation and are not necessarily invertible. Shortly afterwards the dual notion of a skew closed category was introduced by Street [35] . Here one has a canonical map ( 
1.2) C(A, B) → C(I, [A, B])
but this need not be invertible. Intuitively, we might view this relaxation as saying that [A, B] should contain the morphisms A → B as elements, but possibly something else too.
In the present paper a connection is drawn between skew structures and homotopy theory. We study examples of Quillen model categories C in which the correct internal homs [A, B] have more general weak maps A B as elements. By the above reasoning these examples are necessarily skew. These skew closed categories form part of enveloping monoidal skew closed structures that descend to the homotopy category Ho(C) where, in fact, they yield genuine monoidal closed structures. The study of skew structures on a category that induce genuine structures on the homotopy category is our main theme. Our examples are 2-categorical in nature -most involve tweaking better known weak 2-categorical structures to yield not strict, but skew, structures. For example, we describe a monoidal skew closed structure on the 2-category of permutative categories -symmetric strict monoidal categories -and strict maps. This contains, on restricting to the cofibrant objects, a copy of the well known monoidal bicategory of permutative categories and strong maps. More generally, we describe a skew structure for each pseudo-commutative 2-monad T on Cat in the sense of [13] . Other examples concern 2-categories and bicategories. The theory developed in the present paper has a future goal, concerning Graycategories, in mind. It was shown in [4] that there exists no homotopically well behaved monoidal biclosed structure on the category of Gray-categories. The plan is, in a future paper, to use the results developed here to understand the correct enriching structure on the category of Gray-categories. Let us now give an overview of the paper. Section 2 is mainly background on skew monoidal, skew closed and monoidal skew closed categories. We recall Street's theorem describing the perfect correspondence between skew monoidal structures (C, ⊗, I) and skew closed structures (C, [−, −], I) in the presence of adjointness isomorphisms C(A ⊗ B, C) ∼ = C(A, [B, C]). In Theorem 2.6 we reformulate Eilenberg and Kelly's theorem [8] , relating monoidal and closed structure, in the skew language. Finally, we introduce symmetric skew closed categories. It turns out that all the examples of skew closed structures that we meet in the present paper can be seen as arising from certain multicategories in a canonical way. In Section 3 we describe the passage from such multicategories to skew closed categories. Using the multicategory approach where convenient, Section 4 gives concrete examples of some of the skew closed structures that we are interested in. We describe the examples of categories with limits, permutative categories, 2-categories and bicategories. Section 5 concerns the interaction between skew structures and Quillen model structures that lies at the heart of the paper. We begin by describing how a skew monoidal structure (C, ⊗, I) can be left derived to the homotopy category. This is the skew version of Hovey's construction [12] . We call (C, ⊗, I) homotopy monoidal if the left derived structure (Ho(C), ⊗ l , I) is genuinely monoidal. This is complemented by an analysis of how skew closed structure can be right derived to the homotopy category, and we obtain a corresponding notion of homotopy closed category. Combining these cases Theorem 5.11 describes how monoidal skew closed structure can be derived to the homotopy category. This is used to prove Theorem 5.12, a homotopical analogue of Eilenberg and Kelly's theorem, which allows us to recognise homotopy monoidal structure in terms of homotopy closed structure. Section 6 returns to the examples of categories with limits and permutative categories in the more general setting of pseudo-commutative 2-monads T on Cat. We make minor modifications to Hyland and Power's construction [13] of a pseudo-closed structure on T-Alg to produce a skew closed structure on the 2-category T-Alg s of algebras and strict morphisms. For accessible T this forms part of an enveloping monoidal skew closed structure which, using Theorem 5.12, we show to be homotopy monoidal. Using this, we give a complete construction of the monoidal bicategory structure on T-Alg of Hyland and Power -thus solving a problem of [13] . Section 7 consists of an in-depth analysis of the skew structure on the category of bicategories and strict homomorphisms. Though not particularly interesting in its own right, we regard this example as a preliminary to future work in higher dimensions.
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Skew monoidal and skew closed categories
2.1. Skew monoidal categories. Skew monoidal categories were introduced by Szlachányi [36] in the study of bialgebroids over rings. There are left and right versions (depending upon the orientation of the associativity and unit maps) and it is the left handed case that is of interest to us. Definition 2.1. A (left) skew monoidal category (C, ⊗, I, α, l, r) is a category C together with a functor ⊗ : C × C → C, a unit object I ∈ C, and natural families α A,B,C : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C), l A : I ⊗ A → A and r A : A → A ⊗ I satisfying five axioms [36] .
There is no need for us to reproduce these five axioms here as we will not use them. We remark only that they are neatly labelled by the five words abcd aib aib abi ii of which the first refers to MacLane's pentagon axiom. Henceforth the term skew monoidal is taken to mean left skew monoidal. A monoidal category is precisely a skew monoidal category in which the constraints α, l and r are invertible.
Skew closed categories.
In the modern treatment of monoidal closed categories as a basis for enrichment [16] it is the monoidal structure that is typically treated as primitive. Nonetheless, the first major treatment [8] emphasised the closed structure, presumably because internal homs are often more easily described than the corresponding tensor products. In the examples of interest to us (see Section 4) this is certainly the case. These examples will not be closed in the sense of ibid. but only skew closed. 
) is said to be left normal when the composite function
is invertible, and right normal if i : [I, A] → A is invertible. A closed category is, by definition, a skew closed category which is both left and right normal.
1
Variants 2.3. We will regularly mention a couple of variants on the above definition and we note them here.
(1) We will sometimes consider skew closed 2-categories: the Cat-enriched version of the above concept. The difference is that C is now a 2-category, [−, −] a 2-functor and each of the three transformations 2-natural in each variable. (2) We call a structure (C, [−, −], L) satisfying C1 but without unit a semiclosed category.
2.3.
The correspondence between skew monoidal and skew closed categories. A monoidal category (C, ⊗, I) in which each functor − ⊗ A : C → C has a right adjoint [A, −] naturally gives rise to the structure (C, [−, −], I) of a closed category. Counterexamples to the converse statement are described in Section 3 of [6] : no closed category axiom ensures the associativity of the corresponding tensor product. An appealing feature of the skew setting is that there is a perfect correspondence between skew monoidal and skew closed structure.
Theorem 2.4 (Street [35] ). Let C be a category equipped with an object I and a pair of bifunctors ⊗ : C × C → C and
There is a bijection between extensions of (C, ⊗, I) to a skew monoidal structure and of (C, [−, −], I) to a skew closed structure.
Our interest is primarily in the passage from the closed to the monoidal side and, breaking the symmetry slightly, we describe it now: for the full symmetric treatment see [35] .
• l : I ⊗ A → A is the unique map such that the diagram (2.2)
) is the morphism defining left normality. In particular l is invertible for each A just when v is.
• r : A → A ⊗ I is the unique morphism such that the diagram (2.3)
commutes for all B. In particular r is invertible for each A just when i is.
• Transposing the identity through the isomorphism ϕ :
which, we note, is natural in each variable. The constraint α : (A⊗B)⊗C → A ⊗ (B ⊗ C) is the unique morphism rendering commutative the diagram (2.5)
for all D. In particular α is invertible just when t is. Of course in the presence of the isomorphisms either bifunctor determines the other. Accordingly a monoidal skew closed category is determined by either the skew monoidal or closed structure together with the isomorphisms ϕ. We remark that monoidal skew closed structures on the category of left Rmodules over a ring R that have R as unit correspond to left bialgebroids over R. This was the reason for the introduction of skew monoidal categories in [36] .
The following result -immediate from the above -is, minus the skew monoidal terminology, contained within Chapter 2 and in particular Theorem 5.3 of [8] . Eilenberg and Kelly's theorem can be used to recognise monoidal structure in terms of closed structure. However it can be difficult to determine whether 
are isomorphisms, so that we obtain an isomorphism s 0 by conjugating C(I, s). If C underlies a monoidal skew closed category this in turn gives rise to a natural isomorphism
and so, by Yoneda, a natural isomorphism
Our leading examples of skew closed categories do admit symmetries, but are not left normal: accordingly, the symmetries are visible on the closed side but not on the monoidal side. However they often reappear on the monoidal side upon passing to the homotopy category -see Theorem 5.13. 
C is said to be symmetric closed if its underlying skew closed category is closed.
Variants 2.8. As in Variants 2.3 there are evident notions of symmetric skew closed 2-categories and symmetric semi-closed categories.
Remark 2.9. The notion of symmetric closed category described above coincides with that of [6] , though this may not be immediately apparent. Their invertible unit map i : X → [I, X] points in the opposite direction to ours. Reversing it, their (CC4) is clearly equivalent to our (S4). Their remaining axioms are a proper subset of those above, with (C1), (C3), (C4) and (C5) omitted. But as they point out in Proposition 1.3 any symmetric closed category in their sense is a closed category and hence satisfies all four of these.
I first encountered a result close to the following one as Proposition 2.3 of [6] , which shows that a symmetric closed category C gives rise to a symmetric promonoidal one by setting P (A, B, C) = C(A, [B, C] ). This easily implies that a symmetric closed category gives rise to a symmetric monoidal one on taking adjoints. In a discussion about that result, Ross Street pointed out that a skew monoidal category with an invertible natural isomorphism A ⊗ B ∼ = B ⊗ A satisfying the braid equation B5 of [14] is necessarily associative. The first part of the following result essentially reformulates Street's associativity argument in terms of the closed structure. Diagram 4.8 of Chapter IV of De Schipper's book [7] -(2.7) below -proved helpful in making that reformulation. Proof. For (1) we first prove that
So the upper path equals
by S3, naturality of s twice applied, and the definition of t.
). Now (−) 0 , being defined by conjugating through natural isomorphisms, preserves composition. Combining the two last cases we find that
−] = ϕ, the adjointness isomorphism. Applying (−) 0 to the above diagram, componentwise, then gives the commutative diagram below.
Since the left vertical path and both horizontal paths are isomorphisms, so is C(C, t) for each C. Therefore t is itself an isomorphism. The remainder of (1) now follows from Theorem 2.6. As mentioned, Part 2 follows from Proposition 2.3 of [6] . We note an alternative elementary argument. Having established the commutativity of (2.7) and that t is an isomorphism, we are essentially in the presence of what De Schipper calls a monoidal symmetric closed category. 2 Theorem 6.2 of [7] establishes that a monoidal symmetric closed category determines a symmetric monoidal one, as required.
From multicategories to skew closed categories
Our examples of skew closed categories in Section 4 can be seen as arising from closed multicategories equipped with further structure. In the present section we describe how to pass from such multicategories to skew closed categories. Multicategories were introduced in [25] and have objects A, B, C . . . together with multimaps (A 1 , . . . , A n ) → B for each n ∈ N. These multimaps can be composed and satisfy natural associativity and unit laws. We use boldface C for a multicategory and C for its underlying category of unary maps. A symmetric multicategory C comes equipped with actions of the symmetric group S n on the sets C(A 1 , . . . A n ; B) of n-ary multimaps. These actions must be compatible with multimap composition. For a readable reference on the basics of multicategories we refer to [27] . 
is a bijection for all (A 1 , . . . , A n ) and n ∈ N. We can depict the multimap e : ([B, C], B) → C as below. 
is the unique one such that the two multimaps
3.1.2. Symmetry. If C is a symmetric multicategory the natural bijections ▲ ▲ ▲ ▲ ▲ ▲ 
t t t t t t t t t t t t t t t t
In [29] the term unit for a closed multicategory means something stronger than a nullary map classifier: it consists of a multimap u : (−) → I for which (3.6) is invertible. By Remark 4.2 of ibid. a unit is a nullary map classifier. Since we are interested in constructing mere skew closed categories a nullary map classifier suffices. Proof. We only outline the proof, which involves routine multicategorical diagram chases best accomplished using string diagrams as in (3.2)-(3.6). (We note that the deductions of C1 and C3 are given in the proof of Proposition 4.3 of [29] .) The axioms C1, C2 and C4 each assert the equality of two maps and j are defined in terms of their interaction with the evaluation multimaps only their definitions, together with the associativity and unit laws for a multicategory, are required to verify these axioms. C3 and C5 each concern the equality of two maps I ⇒ A. Here one shows that the corresponding nullary maps (−) ⇒ A coincide. Again this is straightforward. The axioms S1-S4 are verified in a similar fashion.
Theorem 3.3, as stated, will not apply to the examples of interest, none of which quite has a nullary map classifier. What we need is a generalisation that deals with combinations of strict and weak maps. Definition 3.4. Let C be a multicategory equipped with a subcategory C s ⊆ C of strict morphisms containing all of the identities. We say that a multimap f : (A 1 , . . . , A n ) → B is strict in i (or A i abusing notation) if for all families of multimaps {a j : (−) → A j : j ∈ {1, . . . , i − 1, i + 1, . . . , n}} the unary map
Theorem 3.5. Let C be a closed multicategory equipped with a subcategory C s → C of strict maps containing the identities. Suppose further that (1) A multimap (A 1 , . . . , A n , B) → C is strict in A i if and only if its transpose
There is a multimap u : (−) → I, precomposition with which induces a bijection C(u, A) :
and L restrict to C s where they form part of a skew closed structure
Proof. We must show that these assumptions ensure that the bifunctor [−, −] : C op × C restricts to C s and that the transformations L, i, j and s have strict components. Beyond this point the proof is identical to that of Theorem 3.3. A consequence of Definition 3.4 is that multimaps strict in a variable are closed under composition: that is, given f : 
Since evaluation multimaps are strict in the first variable the composite e•(1, e) : .6) is strict as e : ([I, A], I) → A is strict in the first variable. Clearly j is strict. In a symmetric multicategory the actions of the symmetric group commute with composition. It follows that if
is obtained by transposing this twice, it follows that s is strict.
In the next section we will encounter several examples of Cat-enriched multicategories, hence 2-multicategories [13] . A 2-multicategory C has categories C(A 1 , . . . , A n ; B) of multilinear maps and transformations between, and an extension of multicategorical composition dealing with these transformations. There is an evident notion of closed 2-multicategory, in which the bijection (3.1) is replaced by an isomorphism, and of symmetric 2-multicategory. Theorem 3.5 generalises straightforwardly to 2-multicategories as we now record. Theorem 3.6. Let C be a closed 2-multicategory equipped with a locally full sub 2-category C s → C of strict maps containing the identities. Suppose further that
There is a multimap u : (−) → I, precomposition with which induces an isomorphism C(u, A) :
and L restrict to C s where they form part of a skew closed 2-category
Remark 3.7. Theorem 5.1 of [29] shows that the notions of closed multicategory with unit and closed category are, in a precise sense, equivalent. We do not know whether skew closed categories are equivalent to some kind of multicategorical structure.
Examples of skew closed structures
The goal of this section is to describe a few concrete examples of the kind of skew closed structures that we are interested in. All can be seen to arise from multicategories although sometimes it will be easier to describe the skew closed structure directly. In each case we meet a category, or 2-category, C of weak maps equipped with a subcategory C s of strict maps. The subcategory of strict maps is well behavedlocally presentable, for instance -whereas C is not. The objects of the internal hom [A, B] are the weak maps but these only form part of a skew closed structure on the subcategory C s of strict maps.
Categories with structure.
The following examples can be understood as arising from pseudo-commutative 2-monads in the sense of [13] -this more abstract approach is described in Section 6. 
4.1.2.
Permutative categories and so on. An example amenable to calculation concerns symmetric strict monoidal -or permutative -categories. The symmetric skew closed structure can be seen as arising from a symmetric 2-multicategory, described in [9] . Because the relevant definition of multilinear map is rather long, we treat the skew closed structure directly. Let Perm s and Perm denote the 2-categories of permutative categories with the strict symmetric monoidal and strong symmetric monoidal functors between. Using the symmetry of B the category Perm(A, B) inherits a pointwise structure [A, B] ∈ Perm. Namely we set (F ⊗ G)− = F − ⊗G−. The structure isomorphism (F ⊗G)(a⊗b) ∼ = (F ⊗G)a⊗(F ⊗G)b combines the structure isomorphisms
with the symmetry as below: Again the skew closed structure is neither left nor right normal. This example can be generalised to deal with general symmetric monoidal categories. A careful analysis of both tensor products and internal homs on the 2-category SMon of symmetric monoidal categories and strong symmetric monoidal functors was given by Schmitt [31] .
4.2. 2-categories and bicategories. Examples of skew closed structures not arising from pseudo-commutative 2-monads, even in the extended sense of [28] , include 2-categories and bicategories. We focus upon the more complex case of bicategories. Let Bicat denote the category of bicategories and homomorphisms (also called pseudofunctors) and Bicat s the subcategory of bicategories and strict homomorphisms. We describe a symmetric skew closed structure on Bicat s with internal hom Hom(A, B) the bicategory of pseudofunctors, pseudonatural transformations and modifications from A to B. This skew closed structure arises from a closed symmetric multicategory. We begin by briefly recalling the multicategory structure, which was introduced and studied in depth in Section 1.3 of [37] by Verity, and to which we refer for further details. The multicategory Bicat -denoted by Hom s in ibid. -has bicategories as objects. The multimaps are a variant of the cubical functors of [11] . More precisely, a multimap F : (A 1 , . . . , A n ) → B consists of
• for each n-tuple (a 1 , . . . , a n ) an object F (a 1 , . . . , a n ) of B;
. . , a n ) extending the above function on objects; • for each pair 1 ≤ i < j ≤ n, n-tuple of objects (a 1 , . . . , a n ) and morphisms f : a i → a ′ i ∈ A i and f j : a j → a ′ j ∈ A j , an invertible 2-cell:
where we have omitted to label the inactive parts of the n-tuple (a 1 , . . . , a n ) under the action of F . These invertible 2-cells are required to form the components of pseudonatural transformations both vertically -
and satisfy a further cubical identity involving trios of morphisms.
A nullary morphism (−) → B is simply defined to be an object of B. Observe that the category of unary maps of Bicat is simply Bicat. It is established in Section 1.3 of ibid. -see Lemma 1.3.4 and the discussion that followsthat the symmetric multicategory Bicat is closed, with hom-object given by the bicategory Hom(A, B) of homomorphisms, pseudonatural transformations and modifications from A to B. A multimap F : (A 1 , . . . , A n ) → B is strict in A i just when each homomorphism F (a 1 , . . . , a i−1 , −, a i+1 . . . , a n ) is strict. An inspection of the bijection of Lemma
of ibid. makes it clear that the natural bijection
Bicat(A 1 , . . . , A n , B; C) ∼ = Bicat(A 1 , . . . , A n ; Hom(B, C)) respects strictness in A i . Turning to the unit, recall that Bicat(−; A) = A 0 . The forgetful functor (−) 0 : Bicat s → Set has a left adjoint F for general reasons -see Section 7 for more on this. It follows that we have a bijection Bicat s (F 1, A) ∼ = Bicat(−; A) where F 1 is the free bicategory on 1. Concretely, F 1 has a single object • and a single generating 1-cell e : • → •. General morphisms are (non-empty) bracketed copies of e such as ((ee)e), and two such morphisms are connected by a unique 2-cell, necessarily invertible. By Theorem 3.5 we obtain a symmetric semi-closed category (Bicat s , Hom, L) which restricts to a symmetric skew closed structure (Bicat s , Hom, F 1, L, i, j). As in the preceding examples the skew closed structure on Bicat s is not closed and fails to extend to Bicat. In Section 7 we further analyse this symmetric skew closed structure. Accordingly we describe a few aspects of it in more detail. Though not strictly required in what follows, for completness we mention the slightly more complex case where f is non-strict. At η : g → h ∈ Hom(B, C) the pseudonatural transformation f η : f g → f h has components f η a : f ga → f ha at a ∈ B; at α : a → b the invertible 2-cell (f η) α :
conjugates f η α by the coherence constraints for f . The action of f * on 2-cells is straightforward. The coherence constraints
The only knowledge required of L : Hom(B, C) → Hom(Hom(A, B), Hom(A, C)) is that it has underlying function
The unit map i : Hom(F 1, A) → A evaluates at the single object • of F 1 whilst j : F 1 → Hom(A, A) is the unique strict homomorphism sending • to the identity on A. This example can be modified to deal with 2-categories. Let 2-Cat ⊂ Bicat and 2-Cat s ⊂ Bicat s be the symmetric multicategory and category obtained by restricting the objects from bicategories to 2-categories. Since Hom(A, B) is a 2-category if B is, we obtain a closed multicategory 2-Cat by restriction. In this case we have a natural bijection 2-Cat s (1, A) ∼ = A 0 = 2-Cat(−; A). It follows that we obtain a symmetric skew closed structure (2-Cat s , Hom, L, 1, i, j) with the same semi-closed structure as before, but with the simpler unit 1. 
Skew structures descending to the homotopy category
In the present section we consider categories C equipped with a Quillen model structure as well as a skew monoidal or skew closed structure. We describe conditions under which the skew structures descend to the homotopy category Ho(C) and call the skew monoidal/closed structures on C homotopy monoidal/closed if the induced structures on Ho(C) are genuinely monoidal/closed. Theorem 5.11 gives a complete description of how monoidal skew closed structure descends to the homotopy category. Our analogue of Eilenberg and Kelly's theorem is Theorem 5.12: it allows us to recognise homotopy monoidal structure in terms of homotopy closed structure. We assume some familiarity with the basics of Quillen model categories, as introduced in [30] , and covered in Chapter 1 of [12] . Let us fix some terminology and starting assumptions. We assume that all model categories C have functorial factorisations. It follows that C is equipped with cofibrant and fibrant replacement functors Q and R together with natural transformations p : Q → 1 and q : 1 → R whose components are respectively trivial fibrations and trivial cofibrations. Let j : C c → C and j : C f → C denote the full subcategories of cofibrant and fibrant objects, through which Q and R respectively factor. The four functors preserve weak equivalences and hence extend to the homotopy category. At that level we obtain adjoint equivalences
with counit and unit given by Ho(p) and its inverse, and Ho(q) and its inverse respectively. If a functor between model categories F : C → D preserves weak equivalences between cofibrant objects we can form its left derived functor
. If G preserves weak equivalences between fibrant objects then G r = Ho(GR) = Ho(Gj)Ho(R) is its right derived functor.
5.1. Skew monoidal structure on the homotopy category. Let C be a model category equipped with a skew monoidal structure (C, ⊗, I, α, l, r). Our interest is in left deriving this to a skew monoidal structure on Ho(C). In the monoidal setting this was done in [12] and the construction in the skew setting, described below, is essentially identical. Axiom M. ⊗ : C × C → C preserves cofibrant objects and weak equivalences between them and the unit I is cofibrant.
The above assumption ensures that the skew monoidal structure on C restricts to one on C c and that the restricted functor ⊗ : C c ×C c → C c preserves weak equivalences. Accordingly we obtain a skew monoidal structure (Ho(C c ), Ho(⊗), I) with the same components as before. Transporting this along the adjoint equivalence Ho(j) : Ho(C c ) ⇆ Ho(C) : Ho(Q) yields a skew monoidal structure
on Ho(C). We will often refer to (Ho(C), ⊗ l , I) as the left-derived skew monoidal structure since ⊗ l is the left derived functor of ⊗. On objects we have A ⊗ l B = QA ⊗ QB and an easy calculation shows that the constraints for the skew monoidal structure are given by the following maps in Ho(C). 
is a weak equivalence, and for all cofibrant X both maps r : X → X ⊗ I and l : I ⊗ X → X are weak equivalences.
Proof. Observe that the constraints (5.1),(5.2) and (5.3) are α QA,QB,QC , l QA and r QA conjugated by isomorphisms in Ho(C). It follows that (Ho(C), ⊗ l , I) is genuine monoidal just when for α QA,QB,QC , l QA and r QA are isomorphisms in Ho(C) for all A, B and C. Axiom M ensures for that cofibrant A, B, C that we have isomorphisms α A,B,C ∼ = α QA,QB,QC , l A ∼ = l QA and r A ∼ = r QA in Ho(C) 2 so that the former maps are isomorphisms just when the latter ones are. This proves the claim.
Notation 5.3. We call (C, ⊗, I) homotopy symmetric monoidal if (Ho(C), ⊗ l , I) admits the further structure of a symmetric monoidal category, but emphasise that this refers to a symmetry on Ho(C) not necessarily arising from a symmetry on C itself. 
t t t t t t t t [A, B]
Because I is cofibrant we also have a lifting e as below.
(5.5) 
(5.7)
commutes up to left homotopy. Moreover, if X is fibrant then the image of each diagram under [−, X] commutes in Ho(C).
Note that in (5. Proof. In order to keep the calculations relatively short we will first describe a slightly simpler skew closed structure on Ho(C f ). We then obtain the skew closed structure on Ho(C) by transport of structure. So our main task is to construct a suitable skew closed structure on Ho(C f ). Now Axiom C ensures that [QA, B] is fibrant whenever B is. The restricted bifunctor 
We should explain why the above components are natural on Ho(C f ) -in the appropriate variance -since consideration of extraordinary naturality is perhaps non-standard. Given 
We now transport the skew closed structure along the adjoint equivalence Ho(j) : Ho(C f ) ⇆ Ho(C) : Ho(R). The skew closed structure obtained in this way has bifunctor
and unit given by
So Ho([QR−, R−]) and RI respectively. Neither is quite as claimed. We finally obtain the skew closed structure stated in the theorem by transferring this last skew closed structure along the isomorphisms of bifunctors Proof. We will show that (1) and (2) amount to left and right normality of (Ho(C), [−, −] r , I) respectively. Now Ho(C) is left normal just when
Ho(C)(A, B)
is a bijection for all A and B. As in any skew closed category this map is natural in both variables. Since we have isomorphisms QA → A and B → RB in Ho(C) the above map will be an isomorphism for all A, B just when it is so for all cofibrant A and fibrant B. Proof. As in the proof of Theorem 5.5 we transport the structure from Ho(C f ). We can extend the skew closed structure (Ho(C f ), Ho[Q−, −], RI) described therein by a symmetry transformation s r whose component at (A, B, C) is
Since the components of s r are just those of s it follows that S1 and S2 hold in Ho(C f ) if they do so in C. The diagrams for S3 and S4 are below. 
5.3.
Monoidal skew closed structure on the homotopy category and the homotopical version of Eilenberg and Kelly's theorem. Let C be a model category equipped with a monoidal skew closed structure (C, ⊗, [−, −], I). In order to derive the tensor-hom adjunctions − ⊗ QA ⊣ [QA, −] to the homotopy category, we will make use of the concept of a Quillen adjunction. An adjunction F : C ⇆ D : U of model categories is said to be a Quillen adjunction if the right adjoint U : D → C preserves fibrations and trivial fibrations. One says that U is right Quillen. This is equivalent to asking that F preserves cofibrations and trivial cofibrations, in which case F is said to be left Quillen. The derived functors F l and U r then exist and form an adjoint pair 
It follows that the unit of the derived adjunction -the derived unit -is given by
whilst the derived counit admits a dual description. form a monoidal skew closed structure on Ho(C).
The straightforward but long proof is deferred until the appendix. The following result is the homotopical version of Eilenberg and Kelly's theorem. Note that by Proposition 5.7 conditions (1) and (2) closedness amounts to (1) and (2) 
Pseudo-commutative 2-monads and monoidal bicategories
In the category CM on of commutative monoids the set CM on(A, B) forms a commutative monoid [A, B] with respect to the pointwise structure of B. This is the internal hom of a symmetric monoidal closed structure on CM on whose tensor product represents functions A×B → C that are homomorphisms in each variable. From the monad-theoretic viewpoint the enabling property is that the commutative monoid monad on Set is a commutative monad. Extending this to dimension 2, Hyland and Power [13] introduced the notion of a pseudo-commutative 2-monad T on Cat. Examples include the 2-monads for categories with a class of limits, permutative categories, symmetric monoidal categories and so on. For such T they showed that the 2-category of strict algebras and pseudomorphisms admits the structure of a pseudo-closed 2-categorya slight weakening of the notion of a closed category with a 2-categorical element. Theorem 2 of ibid. described a bicategorical version of Eilenberg and Kelly's theorem, designed to produce a monoidal bicategory structure on T-Alg. However they did not give the details of the proof, which involved lengthy calculations of a bicategorical nature, and expressed their dissatisfaction with the argument.
In this section we take a slightly different route to the monoidal bicategory structure on T-Alg. We begin by making minor modifications to Hyland and Power's construction to produce a skew closed structure on the 2-category T-Alg s of algebras and strict morphisms. This is simply the restriction of the pseudo-closed 2-category structure on T-Alg. We then obtain a monoidal skew closed structure on T-Alg s and, using Theorem 5.12, establish that it is homotopy monoidal. The monoidal bicategory structure on T-Alg is obtained by transport of structure from the full sub 2-category of T-Alg s containing the cofibrant objects.
6.1. Background on commutative monads. If V is a symmetric monoidal closed category and T an endofunctor of V then enrichments of T to a V -functor correspond to giving a strength: that is, a natural transformation t A,B : A ⊗ T B → T (A ⊗ B) subject to associativity and identity conditions. One obtains a costrength t * A,B : T A ⊗ B → T (A ⊗ B) related to the strength by means of the symmetry isomorphism c A,B : A ⊗ B → B ⊗ A. If (T, η, µ) is a V -enriched monad then we can consider the following diagram
and if this commutes for all A and B then T is said to be a commutative monad [17] . Now if T is commutative and V sufficiently complete and cocomplete then the category of algebras V T is itself symmetric monoidal closed [18, 15] . Both tensor product and internal hom represent T -bilinear maps -this perspective was explored in [19] and more recently in [32] . More generally, a T -multilinear map consists of a morphism f : A 1 ⊗ . . . ⊗ A n → B which is a T -algebra map in each variable. This means that the diagram
is commutative for each i where the top row t :
is the unique map constructible from the strengths and costrengths. T -multilinear maps form the morphisms of a multicategory of T -algebras. Surprisingly, the multicategory perspective appears to have first been explored in the more general 2-categorical setting of [13] .
6.2. Background on 2-monads. The category of small categories Cat is cartesian closed and hence provides a basis suitable for enriched category theory. In particular one has the notions of Cat-enriched category -hence 2-categoryand of Cat-enriched monads -hence 2-monads. The appendage "2-" will always refer to strict Cat-enriched concepts. Given a 2-monad T = (T, η, µ) on a 2-category C one has the Eilenberg-Moore 2-category T-Alg s of algebras. In T-Alg s everything is completely strict. There are the usual strict algebras A = (A, a) satisfying a•T a = a•µ A and a•η A = 1. The strict morphisms f : A → B of T-Alg s satisfy the usual equation
T-Alg s is just as well behaved as its Set-enriched counterpart. Important facts for us are the following ones.
• The usual (free, forgetful)-adjunction lifts to a 2-adjunction F ⊣ U where U : T-Alg s → C is the evident forgetful 2-functor.
• Suppose that C is a locally presentable 2-category: one, like Cat, that is cocomplete in the sense of enriched category theory [16] and whose underlying category is locally presentable [1] . If T is accessible -preserves λ-filtered colimits for some regular cardinal λ -then T-Alg s is also locally presentable. There are accessible 2-monads T on Cat whose strict algebras are categories with D-limits, permutative categories, symmetric monoidal categories and so on. In particular the examples of skew closed 2-categories from Section 4.1 reside on 2-categories of the form T-Alg s for T an accessible 2-monad on Cat. So far we have discussed strict aspects of two-dimensional monad theory. Though there are several possibilities, the only weak structures of interest here are pseudomorphisms of strict T -algebras. A pseudomorphism f : A B consists of a morphism f : A → B and invertible 2-cell f : b • T f ∼ = f • a satisfying two coherence conditions [3] . These are the morphisms of the 2-category T-Alg into which T-Alg s includes via an identity on objects 2-functor ι : T-Alg s → T-Alg. The inclusion commutes with the forgetful 2-functors
to the base. Pseudomorphisms of T -algebras capture functors preserving categorical structure up to isomorphism. For example, in the case that T is the 2-monad for categories with D-limits or permutative categories we obtain the 2-categories D-Lim and Perm as T-Alg. An important tool in the study of pseudomorphisms are pseudomorphism classifiers. If T is a reasonable 2-monad -for instance, an accessible 2-monad on Cat -then by Theorem 3.3 of [3] the inclusion ι : T-Alg s → T-Alg has a left 2-adjoint Q. We call QA the pseudomorphism classifier of A since each pseudomorphism f : A B factors uniquely through the unit q A : A QA as a strict morphism QA → B. The counit p A : QA → A is a strict map with homotopy theoretic content -see Section 6.4.1 below.
6.3. From pseudo-commutative 2-monads to monoidal skew closed 2-categories. Given a 2-monad T on Cat we have, in particular, the corresponding strengths t : T (A × B) → A × T B and costrengths T (A × B) → T A × B and can enquire as to whether T is commutative. For those structures -such as categories with finite products or symmetric monoidal categories -that involve an aspect of weakness in their definitions the relevant diagram (6.1) rarely commutes on the nose, but often commutes up to natural isomorphism. This leads to the notion of a pseudo-commutative 2-monad T which is a 2-monad T equipped with invertible 2-cells
subject to axioms (see Definition 5 of [13] ) asserting the equality of composite 2-cells built from the above ones. If α commutes with the symmetry isomorphismin the sense that α B,A = T c A,B •α A,B •c T B,T A -then T is said to be a symmetric pseudo-commutative 2-monad. The 2-monad for categories with D-limits is symmetric pseudo-commutative [28] as are the 2-monads for permutative and symmetric monoidal categories [13] . An example of a pseudo-commutative 2-monad which is not symmetric is the 2-monad for braided strict monoidal categories [5] .
6.3.1. The 2-multicategory of algebras. For T pseudo-commutative one can define T -multilinear maps. A T -multilinear map f : (A 1 , . . . , A n ) → B consists of a functor f : A 1 × . . . A n → B together with a family of invertible 2-cells f i :
satisfying indexed versions of the pseudomorphism equations, and a compatibility condition involving the pseudo-commutativity. A nullary map (−) → B is defined to be an object of the category B.
There are transformations of multilinear maps and these are the morphisms of a category T-Alg(A 1 , A 2 . . . A n ; B). Proposition 18 of ibid. shows that these are the hom-categories of a 2-multicategory of T -algebras T-Alg and that, moreover, if T is symmetric pseudo-commutative then T-Alg is a symmetric 2-multicategory. T-Alg is itself recovered as the 2-category of unary maps. Of course we can speak of multimaps (A 1 , . . . , A n ) → B which are strict in A i : those for which the natural transformation f i depicted above is an identity. Note that this agrees with the formulation given in Definition 3.4.
Theorem 6.1 (Hyland-Power [13] ). The 2-multicategory T-Alg is closed. Moreover a multimap (
6.3.2. The skew closed structure. By definition T-Alg(−; A) = A. Since we have a natural isomorphism T-Alg s (F 1, A) ∼ = Cat(1, A) ∼ = A and a suitable closed 2-multicategory T-Alg we can apply Theorem 3.6 to obtain a skew closed structure on T-Alg s .
Theorem 6.2. Let T be a pseudo-commutative 2-monad on Cat.
(
and L restrict to T-Alg s where they form part of a skew closed 2-category
The skew closed 2-category (T-Alg s , [−, −], F 1, L, i, j) has components as constructed in Section 3. Let us record, for later use, some further information about these components.
(1) The underlying category of [A, B] is just T-Alg(A, B). (2) follows from the analysis, given in Proposition 21 of ibid, of how the same adjointness isomorphisms behave with respect to underlying maps. (4) is by definition. 6.3.3. The monoidal skew closed structure on T-Alg s . We now describe left 2-adjoints to the 2-functors [A, −] : T-Alg s → T-Alg s . For this let us further suppose that T is an accessible 2-monad. We must show that each B admits a reflection B ⊗ A along [A, −]. Since T-Alg s is cocomplete the class of algebras admitting such a reflection is closed under colimits; because each algebra is a coequaliser of frees it therefore suffices to show that each free algebra admits a reflection. With this is mind observe that the triangle
Because T is accessible we have the 2-adjunction Q ⊣ ι and corresponding isomorphism T-Alg s (QA, −) ∼ = T-Alg(A, ι−). Now the representable T-Alg s (QA, −) has a left adjoint −.QA given by taking copowers. It follows that at C ∈ Cat the reflection F C ⊗ A is given by C.QA. We conclude: In order to do so requires understanding the Quillen model structure on T-Alg s and its relationship with pseudomorphisms. We summarise the key points below and refer to the original source [22] for further details.
6.4.1. Homotopy theoretic aspects of 2-monads. Thought of as a mere category, Cat admits a Quillen model structure in which the weak equivalences are the equivalences of categories. The cofibrations are the injective on objects functors and the fibrations are the isofibrations: functors with the isomorphism lifting property. It follows that all objects are cofibrant and fibrant. Equipped with the cartesian closed structure, Cat is a monoidal model category [12] . Therefore one can speak of model 2-categories, of which Cat is the leading example. It was shown in Theorem 4.5 of [22] that for an accessible 2-monad T on Cat the model structure lifts along U : T-Alg s → Cat to a model 2-category structure on T-Alg s : a morphism of T-Alg s is a weak equivalence or fibration just when its image under U is one. It follows immediately that the adjunction F ⊣ U : T-Alg s ⇆ Cat is a Quillen adjunction. Since F preserves cofibrations each free algebra is cofibrant. In fact, the cofibrant objects are the flexible algebras of [3] and were studied long before the connection with model categories was made in [22] . Another source of cofibrant algebras comes from pseudomorphism classifiers: each QA is cofibrant. In fact the counit p A : QA → A of the adjunction Q ⊣ ι : T-Alg s ⇆ T-Alg is a trivial fibration in T-Alg s ; thus QA is a cofibrant replacement of A. Theorem 4.7 of [3] ensures that if A is flexible then, for all B, the fully faithful inclusion ι A,B : T-Alg s (A, B) → T-Alg(A, B) is essentially surjective on objects: that is, an equivalence of categories. This important fact can also be deduced from the model 2-category structure: the inclusion ι A,B is isomorphic to T-Alg s (p A , B) : T-Alg s (A, B) → T-Alg s (QA, B) which is an equivalence since p A : QA → A is a weak equivalence of cofibrant objects.
Finally we note that a parallel pair of algebra morphisms f, g : A ⇒ B are right homotopic just when they are isomorphic in T-Alg s (A, B) . This follows from the fact that for each algebra B the power algebra [I, B] is a path object where I is the walking isomorphism. In particular, if A is cofibrant then f and g are homotopic just when they are isomorphic.
6.4.2. Homotopical behaviour of the skew structure.
Theorem 6.4. Let T be an accessible pseudo-commutative 2-monad on Cat. induces a bijection on homotopy classes of maps for cofibrant A. Since morphisms with cofibrant domain are homotopic just when isomorphic it will suffice to show that v A,B is an equivalence of categories. To this end consider the composite: . We are to show that the morphism t A,B,C given by the composite
is a weak equivalence for cofibrant A and B. Now the underlying functor of this composite is just the top row below.
T-Alg(A ⊗ B, C) 6.4.3. The monoidal bicategory T-Alg. A monoidal bicategory is a bicategory C equipped with a tensor product C × C C and unit I together with equivalences α : (A ⊗ B) ⊗ C → A ⊗ (B ⊗ C), l : I ⊗ A → A and r : A → A ⊗ I pseudonatural in each variable, and satisfying higher dimensional variants of the axioms for a monoidal category [10] . Note that here we mean equivalences in the 2-categorical or bicategorical sense, as opposed to weak equivalences. In particular, each skew monoidal 2-category in which the components α, l and r are equivalences provides an example of a monoidal bicategory. The skew monoidal 2-category (T-Alg s , ⊗, F 1) is not itself a monoidal bicategory. However (T-Alg s , ⊗, F 1) satisfies Axiom MC and hence, by Proposition 5.10, it satisfies Axiom M. Therefore the skew monoidal structure restricts to the full sub 2-category (T-Alg s ) c of cofibrant objects. Since (T-Alg s , ⊗, F 1) is homotopy monoidal each component α, l and r is a weak equivalence of cofibrant objects.
Since all objects are fibrant such weak equivalences are homotopy equivalences: thus equivalences in the 2-categorical sense. We conclude:
Proposition 6.5. The skew monoidal structure (T-Alg s , ⊗, F 1) restricts to a skew monoidal 2-category ((T-Alg s ) c , ⊗, F 1) which is a monoidal bicategory.
In fact (T-Alg s ) c is biequivalent to the 2-category T-Alg of algebras and pseudomorphisms.
Lemma 6.6. The 2-adjunction Q ⊣ ι : T-Alg s ⇆ T-Alg restricts to a 2-adjunction Q ⊣ ι : (T-Alg s ) c ⇆ T-Alg whose unit and counit are pointwise equivalences. In particular, the composite inclusion ι : (T-Alg s ) c → T-Alg is a biequivalence.
Proof. Because each QA is cofibrant/flexible the adjunction restricts. The unit q : A QA is an equivalence by Theorem 4.2 of [3] . Since A is flexible the counit p A : QA → A is an equivalence in T-Alg s by Theorem 4.4 of ibid.
Just as monoidal structure can be transported along an adjoint equivalence of categories, so the structure of a monoidal bicategory may be transported along an adjoint biequivalence. And we obtain the following result: see Theorem 14 of [13] . The present argument has the advantage of dealing solely with the strict concepts of Cat-enriched category theory until the last possible moment.
Theorem 6.7. For T an accessible pseudo-commutative 2-monad on Cat the 2-category T-Alg admits the structure of a monoidal bicategory.
Bicategories
We now return to the skew closed category (Bicat s , Hom, F 1) of Section 4.2 and show that it forms part of a monoidal skew closed category that is homotopy symmetric monoidal. A similar, but simpler, analysis yields the corresponding result for the skew structure on 2-Cat s discussed in Section 4.2 -this is omitted. 7.1. Preliminaries on Bicat s . To begin with, it will be helpful to discuss some generalities concerning homomorphism classifiers and the algebraic nature of Bicat s . To this end, let us recall that the category Cat-Gph of Cat-enriched graphs is naturally a 2-category -called CG in [23] . CG is locally presentable as a 2-category: that is, cocomplete as a 2-category and its underlying category Cat-Gph is locally presentable. Section 4 of ibid. describes a filtered colimit preserving 2-monad T on CG whose strict algebras are the bicategories, and whose strict morphisms and pseudomorphisms are the strict homomorphisms and homomorphisms respectively. The algebra 2-cells are called icons [24] . We write Icon s and Icon p for the corresponding extensions of Bicat s and Bicat to 2-categories with icons as 2-cells. It follows from [3] that the inclusion ι : Icon s → Icon p has a left 2-adjoint Q: this assigns to a bicategory A its homomorphism classifier QA. As mentioned Cat-Gph is locally presentable. Since T preserves filtered colimits it follows that the category of algebras Bicat s is locally presentable too, and that the forgetful right adjoint U : Bicat s → Cat-Gph preserve limits and filtered colimits. Now the three functors from Cat-Gph to Set sending a Cat-graph to its set of (0/1/2)-cells respectively are represented by finitely presentable Cat-graphs. It follows that the composite of each of these with U -the functors (−) 0 , (−) 1 , (−) 2 : Bicat s → Set sending a bicategory to its set of (0/1/2)-cells -preserves limits and filtered colimits. Now a functor between locally presentable categories has a left adjoint just when it preserves limits and is accessible: preserves λ-filtered colimits for some regular cardinal λ. See, for instance, Theorem 1.66 of [1] . It follows that each of the above three functors has a left adjoint -we used the adjoint F to (−) 0 to construct the unit F 1 in Section 4.2.
7.2. The monoidal skew closed structure on Bicat s . Our goal now is to show that Hom(A, −) : Bicat s → Bicat s has a left adjoint for each A. We will establish this by showing that Hom(A, −) preserves limits and is accessible. As pointed out above, the functors (−) 0 , (−) 1 , (−) 2 : Bicat s → Set preserve limits and filtered colimits. Since they jointly reflect isomorphisms they also jointly reflect limits and filtered colimits. Accordingly it will be enough to show that the three functors phisms. Let Cyl(B) denote the following bicategory -first constructed, in the lax case, in [2] . The objects of Cyl(B) are the morphisms of B whilst morphisms (r, s, θ) : f → g are diagrams as below left
in which θ is invertible. 
the first three of which, in turn, define the sets of pairs of 2-cells pointing in the opposite direction, of composable pairs of 1-cells, and of invertible 2-cells. Each stage corresponds to the finite limit in CAT(Bicat s , Set) below.
Now each of the functors (−) 0 ,(−) 1 and (−) 2 preserve finite limits and filtered colimits. Since finite limits commute with limits and filtered colimits in Set it follows that each constructed functor, and in particular, Cyl(−) 1 preserves limits and filtered colimits. Another pullback followed by an equaliser constructs Cyl(−) 2 and shows it to have the same preservation properties: we leave this case to the reader. (3) Finally observe that we can express Hom(A, B) 2 as the equaliser of the two functions
sending an element α : f ⇒ g of Hom(A, Cyl(B)) 1 to the pair (df, cf ) and (dg, cg) respectively. This is natural in B. Therefore Hom(A, −) 2 is a finite limit of functors, each of which has already been shown to preserve limits and be accessible. Since finite limits in Set commute with limits and with λ-filtered colimits for each regular cardinal λ it follows that Hom(A, −) 2 preserves limits and is itself accessible.
We conclude:
Proposition 7.1. For each bicategory A the functor Hom(A, −) : Bicat s → Bicat s has a left adjoint −⊗A. In particular we obtain a monoidal skew closed category (Bicat s , ⊗, Hom, F 1).
7.3. Homotopical behaviour of the skew structure. We turn to the homotopical aspects of the skew structure.
7.3.1. The model structure on Bicat s . A 1-cell f : X → Y in a bicategory A is said to be an equivalence if there exists g : Y → X and isomorphisms 1 X ∼ = gf and 1 Y ∼ = f g. Now a homomorphism of bicategories F : A B is said to be a biequivalence if it is essentially surjective up to equivalence (given Y ∈ B there exists X ∈ A and an equivalence Y → F X) and locally an equivalence: each functor F X,Y : A(X, Y ) → B(F X, F Y ) is an equivalence of categories. The relevant model structure on Bicat s was constructed in [21] . The weak equivalences are those strict homomorphisms that are biequivalences. A strict homomorphism F : A → B is said to be a fibration if it has the following two properties (1) if f : Y → F X is an equivalence then there exists an equivalence f ⋆ : Y ⋆ → X with F f ⋆ = f and (2) each F X,Y : A(X, Y ) → B(F X, F Y ) is an isofibration of categories. We note that all objects are fibrant. The only knowledge that we require of the cofibrant objects is that each homomorphism classifier QA is cofibrant. To see this observe that if f : A → B is a trivial fibration then there exists a homomorphism g : B A with f • g = 1. Since the inclusion ι : Bicat s → Bicat sends each trivial fibration to a split epimorphism, and since split epis can be lifted through any object, an adjointness argument applied to Q ⊣ ι shows that each QA is cofibrant. By Theorem 4.2 of [3] the counit p A : QA → A is a surjective equivalence -equivalence plus split epi -in the 2-category Icon p . Therefore p A is a trivial fibration and so exhibits QA as a cofibrant replacement of A. The right homotopy relation on Bicat s (A, B) is equivalence in the bicategory Hom (A, B) . Where needed, we will use the term pseudonatural equivalence for clarity. We note that a morphism η : F → G ∈ Hom(A, B) is an equivalence just when each component η X : F X → GX is an equivalence in B. That pseudonatural equivalence coincides with right homotopy follows from the fact, used in ibid., that the full sub-bicategory P B of Cyl(B), with objects the equivalences, is a path object for B. In particular, if A is a cofibrant bicategory then F, G : A ⇒ B are homotopic just when they are equivalent in Hom(A, B).
7.3.2.
Homotopy monoidal structure. Finally, we are in a position to prove the main theorem of this section. Theorem 7.2. The monoidal skew closed structure (Bicat s , ⊗, Hom, F 1) satisfies Axiom MC and is homotopy symmetric monoidal.
Proof. Firstly we show that the unit F 1 is cofibrant. Recall that F is left adjoint to (−) 0 : Bicat s → Set. Since (−) 0 sends trivial fibrations to surjective functions, and since surjective functions can be lifted through 1, it follows by adjointness that F 1 is cofibrant. In order to verify the remainder of Axiom MC we use the well known fact, see for example [34] , that a homomorphism F : A B is a biequivalence if and only if there exists G : B A and equivalences 1 A → GF and 1 B → F G. A consequence is that if F : A → B is a biequivalence then so is Hom(C, F ) and Hom(F, D) for all C and D. To verify Axiom MC, it remains to show that if C is cofibrant and F a fibration, then Hom(C, F ) is a fibration: in fact, we will show that this is true for all C. To see that Hom(C, F ) : Hom(C, A) → Hom(C, B) is locally an isofibration, consider α : G → H ∈ Hom(C, A) and θ : β ∼ = F α. Then each component θ X is invertible in B and so lifts along F as depicted below.
GX HX
The components β ⋆ X : GX → HX admit a unique extension to a pseudonatural transformation β ⋆ such that θ ⋆ : β ⋆ → α is a modification: at f : X → Y the 2-cell β ⋆ f is given by:
Indeed ϕ : H ∼ = F H ⋆ is an invertible icon in the sense of [24] . Since F is locally an isofibration these lift to invertible 2-cells ϕ ⋆ (f ) : and since both horizontal arrows are biequivalences it suffices to show that ev • : Hom(1, st(A)) → st(A) is a biequivalence. Now let P s(1, st(A)) → Hom(1, st(A)) be the full sub 2-category containing the 2-functors. It is easy to see that ι is essentially surjective up to equivalence -1 is a cofibrant 2-category! -and hence a biequivalence. Therefore we need only show that the composite ev where p X : QX → X is the counit of the adjunction Q ⊣ ι. Since p X : QX → X exhibits QX as a cofibrant replacement of X, and so is a weak equivalence between cofibrant objects, it follows -see, for instance, Proposition given by the composite 
